TOPOLOGICAL OBSTRUCTIONS TO EMBEDDING OF A MATRIX 
ALGEBRA BUNDLE INTO A TRIVIAL ONE 

A.V. ERSHOV 

'fy.'. Abstract. In the present paper we describe topological obstructions to embedding of a (complex) 

^^ I matrix algebra bundle into a trivial one under some additional arithmetic condition on their 
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dimensions. We explain a relation between this problem and some principal bundles with structure 
groupoid. Finally, we briefly discuss a relation of our results to the twisted K-theory 



1. A HOMOTOPIC DESCRIPTION OF OBSTRUCTIONS 



r — \, 1.1. Introduction. The starting point of our work was the following question. Let X be (say) 
kj a compact manifold, Ak -^ X a locally trivial bundle with fibre a complex matrix algebra Mfc(C) 
(so its "natural" structure group is Aut(Mfc(C)) = PGLjt(C)). Then is Ak a subbundle of a (finite 



dimensional) trivial bundle X x M„(C), i.e. is there a fiberwise map (in fact embedding) 

Ak X X M„(C) 




j^ ■ such thafix E X its restriction /i \x embeds the fibre {Ak)x into M„(C) as a unital subalgebra? 
cn ' It is natural to compare this question with the well-known fact that any vector bundle i^ over a 

C^ \ compact base X is a subbundle of a product bundle X x C". 

00 ! Obviously, a unital homomorphism Mfc(C) —>■ M„,(C) exists only ii n = kl for some / G N. 

' Clearly, as in the case of vector bundles n should be large enough relative to dim(X); thus, the 
initial question can be reformulated as follows: are there "stable" (i.e. non-vanishing when I 
grows) obstructions to existence of embedding (J\)? 

It turns out that (taking into account the previous remark) the answer is positive if we do not 
impose any additional condition on /. But if we require, say, / to be relatively prime to k, then 
stable obstructions arise. 

It is convenient to replace the groups PGL„(C) by compact ones PU{n) considering only *- 
homomorphisms instead of all unital homomorphisms of matrix algebras. Since PU{n) is a defor- 
mation retract of PGL„(C) this does not have any effect on the homotopy theory. 

1.2. The main construction. The obstructions can be described more explicitly by reducing 
the embedding problem ([T]) to a lifting problem for a suitable fibration. The next construction 
can be regarded as a version of a "bijection" Mor(X x Y, Z) —>■ Mor(X, Mor(y, Z)) adapted to 
the case of fibrations ("Mor" means "morphisms" ) . 
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So, let Homa;g(Mfc(C), Mki{C)) be the set of all unital *-homomorphisms Mfc(C) -^ M^i^C). It 
follows from Noether-Skolem's theorem [7] that there is the representation 

(2) Hom,,,(Mfc(C), Mm{C)) ^ FV{kl)/{Ek ® PU(/)) 

(here and below the tensor product symbol (S> denotes the Kronecker product of matrices) in the 
form of homogeneous space of the group PU(A;/). For short we denote this space by Frjt / ("Fr" 
refers to "frame"). Together with the Bott periodicity this representation allows us to compute 
the stable (i.e. low dimensional) homotopy groups of this space: 

(3) TTriFikj) = Z/fcZ for r odd and TTriFikj) = for r even. 

Let A™™ -^ BPU(A;) be the universal Mfc(C)-bundle. Applying the functor (taking values in the 
category of topological spaces) Romaigi- ■ ■ , ^fc/(C)) to A^"*^ fiberwisely, we obtain the fibration 

FTk,i ^RkjiArn 

(4) Pk,i 

BPU(fc). 

It is easy to see that there exists the canonical embedding of Mfc(C)-bundle pi /(^™™) — > 
Hfc,i(^r™) into the product bundle RkjiAr'"") x Mm{C). 
Let 

(5) / : X ^ BPU(fc) 

be a classifying map for A/., i.e. Aj^ = /*(y4^"™). Now it is easy to see that an embedding ([T]) with 
n = kl is the same thing as a lift / of the classifying map /, 

f-.x^RkAArn. Pk,iof = f, 

and vice versa, such a lift defines an embedding. Thus we have the following proposition. 

Proposition 1. There is a natural one-to-one correspondence between emheddings (Ql) of Ak = 
f*{A^"'™) and lifts f of its classifying map f in ^. 

So the lift of / corresponding to an embedding /i we denote by /^. Clearly, we also have a one- 
to-one correspondence between homotopy classes of embeddings and (fiberwise) homotopy classes 
of lifts given by [fi] f-> [/^]. 

It turns out that the total space H^ /(A™™) of fibration (jl]) is homotopy equivalent to the so- 
called matrix Grassmannian Gik,h the homogeneous space parametrizing the set of A;-subalgebras 
(i.e. unital *-subalgebras isomorphic Mfc(C)) in the algebra Mfc/(C). Note that it can be repre- 
sented as 

(6) Gik^i ^ PU(A;/)/(PU(A;) ® PU(/)) 
according to Noether-Skolem's theorem. The mentioned homotopy equivalence 

(7) Tux-'^kMri^Gn^i 
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is defined as follows: it takes a point h G Hfc^;(A™™) such that Pk,i{h) = x G BPU(A;) to the k- 
subalgebra /i((A™**')j,.) C Mki{C) (here we identify points in Gik^i with fc-subalgebras in Mm(C)). 
Note that in fact Tkj is a fibration with contractible fibers EPU(A;) (the total space of the universal 
principal PU(A;)-bundle). 

The tautological Mjt(C)-bundle Akj -^ Gr^i can be defined as a subbundle in the product 
bundle Gikj x Mki{C) consisting of all pairs {{x, T) \ x E Gikj, T G Mk^x C Mki{C)}, where Mk^x 
denotes the fc-subalgebra corresponding to x G Gi k,i- Clearly, the above constructed homotopy 
equivalence Tkj: Hfc,,(Ar") ~ Gr^,, identifies pljiA^n ^ H^^K^r™) x Mki{C) with Ak,i ^ 
GTk,i X MkiiC). 

Remark 2. The matrix grassmannians Gvkj classify equivalence classes of pairs {Ak, yu) over finite 
CVT-coniplexes X, where Ak —>■ X is & locally trivial Mfc(C)-bundle over X and /i is an embedding 
Ak ^ X X Mki{C) (see ([T])). Two such pairs {Ak, /i), (A'^, /i') are equivalent if Ak = A^ and /i is 
homotopic to /i'. 

1.3. The first obstruction. Now let us give the promised description of obstructions to lift- 
ing in fibration (jlj). First, consider the first obstruction. According to the obstruction theory, 
it is a characteristic class Ak ^^ i^i{Ak) = /*((^i) G H'^{X, Z/kZ), where ui := cJi(A™™) G 
i/2(BPU(fc), Z/kZ). 

Theorem 3. The first obstruction is the obstruction to the reduction (or lift) of the structure 
group PU(A;) of the bundle Ak -^ X to SU(fc) (here we mean the exact sequence of groups 1 —>■ 
Pk -^ SU(A;) -^ PU(A;) —>■ 1, where pk is the group of kth roots of unity). 

Proof. Note that in our case {k, /) = 1 the projective unitary groups in representation ([6]) can be 
replaced by special unitary ones, i.e. the matrix Grassmannian has the equivalent representation 

(8) GTk,i = S\Jikl)/{SVik) ® SU(0). 

This follows from the obvious fact that if k and / are relatively prime, then the center of SU(A;/) 
(which is the group pki of kith roots of unity) is the product pk x pi of centers of SU(A;) and SU(/). 
Hence the structure group of Mfc(C)-bundles Ak,i -^ Gikj and ^^^^(A^™'') ^ Hfc,i(v4^"™) is SU(fc). 
From the other hand, if the structure group of Ak can be reduced to SU(fc), then iJi{Ak) = 
because BSU(/i;) is 3-connected. D 

Obviously, tui is a generator of H^{BFV{k), Z/kZ) = Z/kZ. 

Now assume that Ak has the form End{^k), where ^a: ^ ^ is a vector C'^-bundle (not every 
Mfc(C)-bundle can be represented in this form; the obstruction is the class 6{ui{Ak)) G Br{X) : = 
Hfg^g{X, Z), where 6: H'^{X, Z/kZ) -^ H^{X, Z) is the coboundary homomorphism correspond- 
ing to the coefficient sequence 

^ Z 4 Z ^ Z/A;Z -^ 0). 

Theorem 4. For Ak = End(^fc) the first obstruction is Ci{C,k) mod k G H'^{X, Z/kZ), where Ci is 
the first Chern class. 
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Proof. Let ^^"-^ — > BU(A;) be the universal C'^-bundle. Applying the functor B.om.aig{. . . , Mfc;(C)) 
to the Mfc(C)-bundle End(^r™) ^ BU(fc) fiberwisely, we obtain the fibration (cf. (gD): 

FTk,i -Hfc,/(End(er™)) 

(9) Pkj 

B\J{k). 

Note that there is the canonical embedding p^ ;(End(^r''')) ^ Hfc,z(End(^r*'')) x MkiiC). Now 
it is easy to see that an embedding End(.^A;) ■— * X x Mfc;(C) is the same thing as a lift in ([9]) of 
the classifying map /: X — > BU(/c) for ^k- 
We have the puUback diagram 

Hfc,/(End(er-)) ^ Hfc,/(Ar™) 
u'-'j Pk,i i i Pk.i 

BU(A;) ^ BPU(A;), 

where BXfc is the map of classifying spaces BU(A;) -^ BP\J{k) induced by the group epimorphism 
Xk'- U(fc) — > PU(fc) (or equivalently by the classifying map for End(^^"'*") as an Mfc(C)-bundle). 
In particular, our obstruction is the class Ui := Bxli^i) ^ H'^{BU{k), Z/kZ). We have to prove 
that ui = ci(^P'')mod k. 

We claim that the structure group of End(^fc) can be reduced to SU(A;) iff Ci(^fc) = Omodfc. 
Indeed, Ci(^yt) = Omod/c -vv- Ci(^fc) = ka, a G H'^{X, Z). There is a line bundle (' —* X (which 
is unique up to isomorphism) such that Ci(C') = —a- Then Ci{^k ® C) = Ci(^fc) + kci{(') = 0, 
i.e. ^k ® C' is an SU(A;) -bundle. From the other hand, End(^fc) = End(^fc ® CO- Conversely, the 
classifying map 

BXk-. BU(A;) ^ BPU(A;) 
for End(^^"'™) as a PU( A;) -bundle has the fiber CP°°. It follows from the obstruction theory that 
End(^fc) ^ End(^^) as Mfc(C)-bundles iff ^^ = ^^ ® (' for some line bundle C' ^ X. Clearly, 
ci(^^) = ci(^fc)niodA; and ^^ is an SU(A;)-bundle -v^ ci(^^) = <^ ci(^jt) = Omod k. D 

Remark 5. Let us describe the relation between two versions ("PU" and "U") of obstructions and 
the Brauer group Br{X) = Hf^^^^X, Z). Consider the exact coefficient sequence 

^ Z 4 Z ^ Z/A;Z ^ 

and a piece of the corresponding cohomology sequence: 

H\X, Z) ^ H\X, Z/kZ) ^ H^X, Z). 

Then S{uJi{Ak)) = '^ At has the form End(^fc) for some vector U(A;)-bundle ^k (Note that 
S{LJi{Ak)) G H^{X, Z) is exactly the class of A^ in the Brauer group). If S{iJi{Ak)) = 0, then 
Ui{Ak) = A(ci(^fc)), where A is the reduction modulo k. But ^k such that End(^fc) = A^ is not 
unique: ^^ = ^^ ® C also suits. Clearly, Ci(^^) = Ci(^fc) mod k and Ci(^fc) = mod k 4^ ^^ = ^k ^ (' 
is an SU(A;)-bundle for some ('. 
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1.4. The second obstruction. Now assume that for the bundle A^ -^ X the first obstruction is 
equal to 0. We have shown that such a bundle has the form End(^fc) for some vector C'^-bundle 
^k with the structure group SU(fc). Equivalently, the classifying map f : X ^ BPU(A;) ([5]) can 
be lifted to /: X — > BSU(fc). It follows from standard facts of topological obstruction theory and 
given above (stable) homotopy groups of the space Fr^ ^ = B.oinaig{Mk{C) , M^ii^C)) (see ([3])) that 
the next obstruction belongs to H^{X, Z/fcZ). 

Theorem 6. The second obstruction is C2(^fc)mod k, where C2 is the second Chern class. 

Proof. To show this, first note that the space Fr^ ^ has the universal covering 

(11) Pfc -> Frfc,/ -^ Frfe,/. 

Hence 7Tr{FTkj) = iiriFrkj) for r > 2 and niiFikj) = (while ni{FTk,i) = Z/A;Z). Obviously, 
FTk,i = SU{kl)/{Ek^SU{l)) (cf. ©). 
Now consider the following diagram: 



Fr 



kj 



^EPU(A;) X Frfc,; 

PU(fc) 



(12) 



Fr. 



ESU(A;) X Fr^,, 

SU(A:) 



Pk.i 



BPU(A;) 




where pk i is fibration (jlj). Note that the homotopy equivalence r^ i: ESU(fc) x Fr^ / ~ Gr^ i 

SU(fc) 

(cf. ([7])) can easily be deduced from representation ([8]). 7r3(Frfe^/) = Z/kZ =^ the "universal" 
obstruction is a characteristic class uj2 G H'^(BSl]{k), Z/fcZ). 

Let ^^"^ -^ BSU(A;) be the universal SU(fc) -bundle. Since C2(^^™'')mod fc is a generator of 
H^{BSV{k), Z/kZ) = Z/kZ, we see that 

(13) W2 = acii^r'"') mod k G H\BS\]{k), Z/kZ), aeZ. 

We have the commutative diagram 



ESU(A;) X ¥ik,i —L 




kj 



where A^,; is the classifying map for Akj — > Gr^ ^ as an SU(A;)-bundle. Thus, the piece of the 
homotopy sequence for the "SU"-part of (TT^ 

7T,{FTk,i)-^7c,{ES\J{k) X FTk,i)-^'K,{BS\J{k))^7r,{FTkj)^7r,{ES\J{k) x Fr,,,) 

SU(fc) SU(A:) 
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is exactly 

^ Z ^ Z -> Z/A;Z -^ 

=^ the image 7r4(ESU(A;) x Fifc i) ^^ 7r4(BSU(A;)) is the subgroup of index k. 

SU(fc) 

Now take X = S^ and consider the group honiomorphism 7r4(BSU(A;)) -^ H'^{S^, Z/ZcZ), [g] i— >■ 
g*uj2, where g: S^ ^ BSU(A;) and [g] G 7r4(BSU(A;)) the corresponding homotopy class. If fc f [g] 
in 7r4(BSU(/c)) = Z then g*uj2 7^ because g*uj2 is the unique obstruction to embedding in this 
case. Hence a in flT^ is invertible modulo k, in particular we can take a = 1. D 

Note that the obstructions are stable in the sense that they do not vanish when we take the 
direct limit over pairs {k, 1} satisfying the condition {k, I) = 1. 

1.5. On "higher" obstructions. In general, "higher" obstructions (in stable dimensions) are in 
H'^'''{X, Z/A;Z), r G N. But for r > 2 they do not coincide with the Chern classes reduced modulo 
k. To see this, take X = S^ and consider a 6-dimensional vector bundle C,e -^ S^. It is well-known 
[4j that for 5^'' the Chern classes of complex vector bundles form the subgroup of index (r — 1)! 
in H"^"^ {S'^'' , Z) = Z. In particular, in our case r = 4, fc = 6 we have C4{^q) = (mod 6), but it 
follows from the homotopy sequence of fibration (jlj) (or (TT^ ) that not every such a bundle has a 
lift. 

In order to go further, one can use the modification of Chern classes for connected covers of BU. 
More precisely, let l: BU(2r) -^ BU be the connective cover of BU whose first non-zero homotopy 

the r'th Chern class 



is in degree 2r (thus BU(2) = BU, BU(4) = BSU, . . .). Then the image o 
under the pullback l* : H*{B\J, Z) -^ H*{B\J{2r), Z) is divisible by (r - 1) 
The following theorem generalizes Theorems H] and El 



016J. 



Put Cr 



(r-1)! 



Theorem 7. For bundles classified by BU(2r) the first obstruction to the above lifting problem is 
Cj-Toiodk. 

Proof. For the connective cover tk'- BU{k){2r) -^ BU(A;), k> r consider the Fr^^ ;-fibration 

(14) 4(H,,,(End(4"«™))) ^ BU(A;)(2r) 

induced from (jH]). Clearly, the first obstruction to lifting in this fibration is a characteristic class 

iUr G H'^'^{BV{k){2r), 7r2^_i(Frfc,/)) = H^'XBV (k) {2r) , Z/kZ) ^ Z/A;Z. 

It follows from the homotopy sequence of fibration ([HD that 7r2r(4(Hfe,i(End(^r™)))) ^ Z, 
the homomorphism 7r2r(ifc(Hfc /(End((^^"'™)))) -^ 'K2riB\J{k){2r)) is injective and its image is the 
subgroup of index k in 7i2r{B\J{k){2r)) = Z. 

Now using the same argument as in the proof of Theorem [6] with 5*^^ in place of 5*^, we see 
that for the bundle C,k —>■ S'^'^ corresponding to the generator 1 G 7r2r(BU(A;)) = Z the class Ur is 
a generator of H'^^{S'^^, Z/kZ) = Z/kZ, i.e. we can put Ur = cvmodA;, as claimed. D 



I am grateful to Professor Thomas Schick for bringing this result to my attention. 
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The obtained result can also be reformulated as follows. Let ^^ — i> X be a vector C'^-bundle such 
that ci(^fc) = 0, C2(^fc) = 0. Then its classifying map f^: X ^ BS\J{k) can be lifted to B'[J{k){6) : 

K(Z, 5) K(Z,3) 

BU(A;)(8) — ^ BU(A;)(6) — - BU(A;)(4) = BSU(fc) 




(the upper row in the diagram is the Whitehead tower for BSU(A;)). In fact, the space BU(A;)(6) 

(3) 

represents some refined theory of bundles with C2 = and we can regard the lift /} as a classifying 



,{3) 



,(3)^ 



„(3)*. 



map for some bundle ^l of this type. Thus, we have the characteristic class 03(^1^^) := f} ' [(:■},) 
H^{X, Z). If C3(^^ ) = 0, then we choose a lift u (see the above diagram) corresponding to 
some bundle Q^ (of even more subtle type of bundles with C2 = 0, C3 = 0) with the characteristic 
class Ci{i\. ) G H^{X, Z), etc. Suppose that starting with the bundle ^^ ^ X we obtain a 



,(i) 



r» 



sequence of bundles ^ , i < r, Ci(^^ ) = for z < r. Then the first obstruction for embedding 
/i: End(e, 



M^ 



(rh 



X X Mfci(C), {k, /) = 1 is CriCk ) modfc 



We can also describe higher obstructions without extra conditions on integer characteristic class- 
es. Put K2 := CamodA; G H^{BSV{k), Z/kZ). Let K2: BSV{k) -^ K(Z/fcZ, 4) be also the corre- 
sponding map, F(k2) its homotopic fiber. Clearly, (/ta)*: 7!'i(BS\J{k))(= Z) -^ 7r4(K(Z//i;Z, 4))(= 
Z/kZ) is onto, and it follows from the homotopy sequence of the fibtration 

(15) F{k2) -^ BSV{k) ^ KiZ/kZ, 4) 

that 7r4(F(K2)) = Z and the homomorphism t^4_{Y{h2)) -^ 7r4(BSU(A;)) is Z — > Z, 1 f-H> /c. Clearly, 
the fiber inclusion F(k2) -^ B'S\J{k) induces isomorphisms vrr(F(K2)) — 7rj.(BSU(A;)) for r 7^ 4. 
Now consider the diagram 

.[2] 



Fr. 



Fr 



kA 



(16) 



F(k2 




Gik,i 

Pk,i 
BS\J{k) -^ KiZ/kZ, 4) 



[21 — • [21 

containing three fibrations. The map p^ ^ exists because ^2 '^ Pk,i — * and Fr j^ ^ is the homotopic 

fiber oi p-^\. 

Consider the following piece of the morphism of homotopic sequences of fibrations (IT6|) : 



vr5(F(fi:2)) 



^4(Fr5) 



7r4(Grfc, 



vr4(F(K2)) 



^3(Fri^l) 



7r5(BSU(A;)) Ti^{Yik,i) ^4(Gr,, 



vr4(BSU(/c)) -7r3(Frfc,, 



7r3(Grfc,;) 



7r3(Grfc,z), 



A.V. ERSHOV 



I.e. 




7r3(Fr 



[2h 
k,l) 



Z/kZ 







[9i r9i [91 ' — ' 

which shows that 7r3(FrJ. ;) = = 714(Ft[,\). One can easily verify that the map Ft[,\ — > Fik^i (see 

(TT6l) ) induces isomorphisms 7rr(FrJ,^) = 7rr(Frfc^i) for r 7^ 3. In particular, 7r2r+i(FrJ,^) = Z/kZ for 

r > 2 and otherwise. 

Now assume that for SU(A;) -bundle .^^ ^ X K,2{^k) = 0. Suppose we have chosen a lift /i . X — > 

F(k2) of its classifying map f^: X —>■ BSU(A;). The next obstruction is a characteristic class 

^3 e H%F{i^2), 7r5(Frjfj,)) = H\f{k2), Z/kZ). Consider the corresponding fibration (cf. (|T5|)): 

F(/€3) ^ F(k2) ^ K(Z/A;Z, 6) 

and the corresponding diagram (cf. fITB]) ): 



Fr 



[2] 
fc,Z 



Fr 



[3] 
k,l 



Gr. 



F(«:3 




[2] 



F(fi:2l 



K3 



K(Z/A;Z, 6). 



We claim that (K3),: 7r6(F(fi;2))(= Z) ^ 7r6(K(Z/A;Z, 6))(= Z/fcZ) is onto. Indeed, take 
ip: S^ ^ F(k2) such that k \ [ip] in vr6(F(/t2)) ^ V^ does not have a lift (^: S^ — > Gr^ ^ (be- 
cause (Pki)*'- 7r6(Grfc i) — > 7r6(F(/t2)) is the homomorphism Z ^^ Z, I \-^ k) =^ V^*(/t3) 7^ G 
H^{S^, Z/kZ) (because this is the unique obstruction in this case). 

It follows that the homotopic fiber inclusion F(/t3) -^ F(/t2) induces the homomorphism 
TieiFiK^)) -^ t!'6{F{k2)), Z — > Z, 1 i-^ fc in dimension 6 and isomorphisms TiriFiK^)) ~* T^r{F{i^2)) in 
other dimensions r 7^ 6. Using the above argument one can show that 712^+1 (Frj, J = Z/kZ for r > 3 
and otherwise. In the same way we obtain the characteristic classes /t4 G H^{F{i^^)i Z/fcZ), n^ G 
iJ^''(F(K4), Z/A;Z), etc., each of which is defined on the kernel of the predecessor. Note that 
iVki)*'- '^riGikj) —> Trr{F{K,i)) is an isomorphism for r < 2i + 1. 

The obtained results can be summarized by the following theorem. Suppose ^k ~^ ^ ^^ an 
SU(/c)-bundle with the classifying map /g: X — > BSU(fc), dimX < 2min{A;, /}. 
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Theorem 8. There is a lift f^: X -^ G^kj of f^ iff there is a sequence of maps //^ , 3 < i < 
(dimX)/2 making the diagram (i > 2) 




F[iii+i) F{Ki} F[i^i^i 



commutative fF(/ti) := BSU(fc), p[. i = pkj, fi = f^) and such that {ft )*{i^i) = 0, 2 < i < 
(dimX)/2, where Kj G if^*(F(Kj-i), Z/A;Z) are the above defined characteristic classes. (Note that 
by definition we put F(fi;i) := BSU(/c), but it is more natural to define ni := cimodfc and put 
F(ki) to be the homotopic fiber o/ BU(/c) —V K(Z//cZ, 2)). In other words, a lift f^: X ^ Gifc^^ 
can be constructed step by step and the obstruction for the ith step is (/^ )*(/^j) £ if^*(X, Z/kZ). 

Remark 9. The described resuhs indicate that the "stable" obstructions depend only on the bundle 
Ak, not on the choice of / which is relatively prime to k. In fact, this is true. 

It turns out that the lifting in fibration (jl]) is equivalent to the "reduction" of the structure 
group PU(A;) to the group ^su(fc)iS)SU(0 SU(A;/) of paths in S\J{kl) with origin in the subgroup 
SU(A;) ® SU(/) C SU(A;/) and end in the unit element e; moreover, Gikj is its classifying space 

[in], [m. 

One can also describe the set of mutually nonhomotopic embeddings of form ([T]) in terms of fibra- 
tion (jlj). Namely, there is a natural bijection between it and the set of fibrewise homotopy classes of 
sections of the pullback fibration f*(B.k,i{Al^'''")) -^ X (see ([5])). In particular, if Ak is the product 
bundle X x Mfc(C), then this is just the set of homotopy classes [X, B.om.aig{Mk{C) , Mki{C))]. 

2. An APPROACH VIA GROUPOIDS 

It turns out that above considered spaces and bundles (like Gr^ /, B.k,iiAk,i), H^ /(A™*^) etc.) 
can naturally be interpreted in terms of some groupoid &k,i of matrix subalgebras in the fixed 
matrix algebra Mki{C). 

2.1. Groupoids (5k, i- Let M^iiC) be the complex matrix algebra. Recall that unital *- 
subalgebras in Mfc;(C) isomorphic to Mfc(C) we call k- subalgebras. 

Define the following category Ckj. Its objects Oh{Ckj) are fc-subalgebras in the fixed Mki{C), 
i.e. actually points of the matrix grassmannian Gr^ ;. 

For two objects M^^a, ^fc,/3 ^ Oh{Ck,i) the set of morphisms Mor^^, ^{Mk,a^ ^k^p) is just the 
space Homaig (Mfc^Q,, Mk^p) of all unital *-homomorphisms of matrix algebras (i.e. actually isomet- 
ric isomorphisms). 

Put 

<5lr-=0HCk,i), &k,r-= U MoTc,^,iMk,., Mk,p). 

a,/3eOb{Cfe,i) 

Clearly, (3k,i is a topological groupoid (in fact, even a Lie groupoid). 
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Remark 10. Note that we do not fix an extension of a liomomorpliism from Honia/g(Mfc „, M^jj) 
to an automorphism of the whole algebra M^i^C), so it is not the action groupoid corresponding 
to the action of PU (kl) on Oh{Ckj). 

It is interesting to note that if &k,i would be an action groupoid for some topological group 
H acting on 0° ;, then H — Fr^^i . This result follows from the homotopy equivalence B^kj — 
BPU(fc) (see below) and the fact that for action groupoid := X x H corresponding to an action 
of H on X the classifying space B ^ is homotopy equivalent to X x EH |3] . 

H 

As a topological space (5k, i can be represented as follows. Applying fiberwisely the functor 
Romaigi- ■ ■ , Mki{C)) (see Subsection 1.2) to the tautological Mfc(C)-bundle Ak,i — > Gr^ ^ we obtain 
the space }ik,i{Ak,i) which is exactly (3k,i- 

Being a groupoid, (3k, i has canonical morphisms: source and target s, t: (3k, i ^ (3^ i, compo- 
sition m: (3k, I X (3k, I — > ^k,i, identity e: (S° ^ — > (3k,i and inversion i: (3k,i — > (3 



(go 



k,l- 



Let us describe first two of them in terms of topological spaces Gr^,; ~ 0^ i and ^k,i{,-Ak,i) ~ 
(3k, I- The source morphism s: P^k,i{-Ak,i) -^ Gik,i is just the bundle projection (recall that 
Hfc.K-^fc.O is obtained from the bundle Ak,i — > Gr^ ^ by the fiberwise apphcation of the func- 
tor Homa/g(. . . , Mfei(C))). The target morphism t: }lk,i{,Ak,i) -^ Gik,i is the map h ^ h{{Ak,i)a), 
where h e }lk,i{Ak,i), s{h) = a E GTk,i and as usual we identify the fc-subalgebra h{{Ak,i)a) C 
Mki{C) with the corresponding point in Gr^^^. 

There are also analogous descriptions of maps e: Gr^^^ — > B.k,i{Ak,i), i'- iik,i{Ak,i) -^ lik,i{Ak,i) 
and 

(17) m: }ik,i{Ak,i) X Rk,i{Ak,i)-^iik,i{Ak,i). 

Note that there are bifunctors Ck,i x Cm,n -^ Ckm,in induced by the tensor product of matrix 
algebras and therefore the corresponding morphisms of topological groupoids 

(18) (3k, I X (3m,n -^ '3km,ln- 

They cover the maps Gr^^^ x Gr„^„, -^ Gi km, in [12]. 

Remark 11. Note that one can define an "SU"-analog of the groupoid (3k, i replacing PU(/c) by 
SU(/c). This is a fc-fold covering of (3k, i (cf. Subsection 1.4). 

Note that for any a G Oh{Ck,i) we have the (full) subcategory with one object a. The corre- 
sponding groupoid morphism PU(A;) -^ (3k, i is a Morita morphism, i.e. the diagram 

PU(A;) (3k,i 



sxt 



a s- Gik I X Gr 



k,l 



is a Cartesian square. It turns out (see the next subsection) that this Morita morphism induces a 
homotopy equivalence of the classifying spaces BPU(fc) ~ B ^a:,^- 
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2.2. Groupoids &k,i- Define a new category Ck,i whose objects Ob(CA:,/) = Oh{Ckj) but mor- 
phism from a G Oh{Ck,i) to /3 G Oh{Ck,i) is tfie set of all pairs (A, /x), wliere A: M^ „ — ^ ^fc,/3 
and fj,: Mi^a -^ ^i,i3 ^^^ *-isomorpliisms, wliere Mi^^ — Mi{C), Mi^p = M;(C) are centralizers (in 
Mfci(C)) of Mk^a and Mk^p respectively. 

Let 0fc,« be the set of all morphisms in Ck,i- Clearly, it is again a topological (even a Lie) 
groupoid. As a topological space it can also be described as the total space of some PU(A;) x PU(/)- 
bundle over Gr^ ^ x Gr^ ; (the projection is given by s x t: &k,i -^ Gikj x Gr^ ;). 

We also have the map ^: 6^,; -^ PU(A;/), (A, /i) ^ ^(A, /i), where ^(A, /i) : Mh(C) -^ Mki{C) 
is the unique automorphism induced by (A, /i). 

Remark 12. In fact, (&k,i is an action groupoid Gr^^^ x PU(/i;/) related to the action of Pl]{kl) on 
Grfc,; . 

We have the natural groupoid morphism vr: &k,i -^ ^k,i, (A, /i) ^— ^ A. The fiber of vr is clearly 
PU(/). Thus, we have the groupoid extension 

(19) PU(/) .^^^^^U(3k,i. 

Remark 13. Note that <Sk,i can also be regarded as an extension of the pair groupoid Gr^,; x Gr^^^ 
byPU(A;). 

2.3. Universal principal groupoid 0^ /-bundle. In this subsection we shall show that our 
previous construction (see Subsection 1.2) which to an Mfc(C)-bundle A^ —>■ X associates Fr^ /- 
bundle B.kj{Ak) -^ X is nothing but the extension functor from the structure group PU(/c) to the 
structure groupoid &k,i- Moreover, it turns out that B.kjiA^"'''") —>■ BPU(fc) is the universal princi- 
pal (Sfc^ /-bundle, in particular, the classifying spaces BPU(A;) and B &k,i are homotopy equivalent. 
Consequently, every 0^ /-bundle can be obtained from some Mfc(C)-bundle in this way. 

Remark 14. Note that B &k,i — BPU(A;) x BPU(/) because (&k,i is an action groupoid (cf. Remarks 
do] and [12]). 

In Subsection 1.2 (see (HD) we defined the map Tkj: Hfc,z(A^™'') ^ Gr^,/, h ^ /i((Ar*'')x) C 
Mki{C), where x G BPU(A;) and h G Pk\{x) which is a fibration with contractible fibres; in 
particular, it is a homotopy equivalence. 

There is the free and proper action 

^ rXi XX TT / /IwnifN TT / /IMnwX 

<f.&k,i X B.k,i{Ak j^RkjiAj, ) 

(r := Tkj) defined by the compositions of algebra homomorphisms. More precisely, for g G 

<3k,i, h G p^j(x), X G BPU(A;) such that sig) = Tk,i{h) we put ^{g, h) := g{h{{Ar'^),)) C Mki{C) 
(in particular, Tkj{ip{g, h)) = t{g)). 

Theorem 15. The base space of the principal groupoid (3kj-bundle (Hfc,z(^fc"'™), ^k,h f) ^s 
BPU(A;) (see (^). 

Proof. It is easy to see that the map 

&k,i X RkAArn^^kAArn x n^.K^r^), (^,p)^(mp) 

" &l I ^ BPU(fc) 
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is a homeoinorphisin. D 

Thus, the action ip turns the fibration (j4]) into a principal groupoid 0fc,rbundle. Moreover, it 
is the universal 0fc, /-bundle because (as we have already noticed) Tk,i: Hfc,/(^fc"™) -^ Gik,i has 
contractible fibers. Therefore there is a homotopy equivalence B ^k,i — BPU(A;). 

Remark 16. The last result (in particular, that the homotopy type of 'Q^k,i does not depend on 
/) can be explained using the notion of Morita equivalence for groupoids (see 0). Take a positive 
integer m and define 0^, i — ^k, m-bimodule 9JIa;,z; k,m as follows. 971^,^; k,m consists of all unital *- 
homomorphisms from fc-subalgebras in Mfcm(C) to /c-subalgebras in Mki{'C). Clearly, ^k,i;k,m is an 
equivalence himodule [S]. If we take m = 1 we obtain the homotopy equivalence B ^k,i — BPU(A;) 
directly. 

Remark 17. It is easy to see that for the SU-analog of the groupoid ^k,i (see Remark [TTl) the 
classifying space is homotopy equivalent to BSU(A;) (cf. flT2l) ). 



Note that the groupoid &k,i itself is (the total space of) a principal 0^^ /-bundle with the base 
space GTk,i = ^t i- This bundle is called unit [S]. A principal groupoid 0^^ /-bundle H^ /(A/^) — > X 
(we have already noticed that every principal 0^^ /-bundle is of this form) is called trivial w.r.t. a 
map /: X — > 0° J if it is the puUback of the unit bundle via this map [8]. In particular, the unit 
bundle is trivial with respect to the identity map id: 0° ; — *> 0° ;. (Thus, in general, there are 
non isomorphic trivial bundles over the same base space). Note that a 0/c^ /-bundle H^ /(A^) -^ X 
is trivial iff it has a section, i.e. there is an embedding ([T]) (with n = kl) iffUkji^k) —* X is a 
trivial principal groupoid (&k,i-bundle. 

Remark 18. Let us return to the functor {Ak, yu) ^-* Ak (see Remark [2]) corresponding to the map 
of classifying spaces Gikj —>■ BPU(fc). Now we see that it can be interpreted as the factorization 
by the action of the groupoid 0^,/ (cf. Subsection 3.2 below). 

2.4. A remark about stabilization. Note that maps (TT8l) induce maps of classifying spaces 



H( Auniv\ w TT / /\univ\ ^ tt / /I' 



univ\ 
km,ln\^km ) 



BPU(fc) X BPU(m) ^ BPU(A;m) 

(we should restrict ourself to the case {km, In) = 1), cf. [12]. In the direct limit we obtain the 
if -space homomorphism 

(20) Gr ^limBPU(A;), 

k 

where Gr := lim Gvkj [l2], maps in the direct limits are induced by the tensor product and 

(k,l) = l 

we use the homotopy equivalences Hfc/(yl™™) ~ Gr^ / . Since there is an if -space isomorphism 
Gr = BSU^ ^12j, we see that (120]) is the composition of the localization map 



BSUgj^ J]k(Q, 2n) 



n>2 
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and the natural inclusion 

Yl K(Q, 2n) ^ K(Q/Z, 2) X JJ K(Q, 2n) ~ limBPU(A;). 

n>2 n>2 * 

Consider the abehan group 
(21) coker{[X, Gr] -^ [X, limBPU(A;)]}, 

k 

where the homomorphism of the groups of homotopy classes is induced by fl2Ul) . It admits the 
following "geometric" description. We call an Mfc(C)-bundle embeddable if there is an embedding 
fi: Ak "-^ X X Mki{C) as above for some /, {k, I) = 1. We say that Mfc(C) and Mm(C)-bundles 
Ck, Dm over X are equivalent ii there are embeddable bundles Ai, i?„ such that Ck^Ai = D^^Bn- 
The set of such equivalence classes over the given base space X is a group with respect to the 
operation induced by the tensor product. Clearly, this group is the cokernel fl2T1) . In particular, 
for every even- dimensional sphere S"^" it is Q/Z (and for every odd- dimensional one). 

Remark 19. Since BSU^ is an infinite loop space [9], this invariant can be interpreted in terms of 
the coefficient sequence for the corresponding cohomology theory. 

3. Some constructions 

3.1. Partial isomorphisms. Let A^ ^^ X he an Mfc(C)-bundle over X and jj,: A^ ^-^ X x 
Mki{C) {{k, /) = 1) a bundle map which is a unital *-algebra homomorphism on each fiber 
as above. So every fiber {Ak)x, a; G X can be identified with the corresponding fc-subalgebra 
/i|x.((Afc)x) C Mki{C) and we have the triple (A^, /i, X x MkiiC)). Let (A^ /i', X x MkiiC)) he 
another triple of such a kind. Assume that the bundles A^ and A'j^ are isomorphic and choose 
some ^-isomorphism i): A^ = A'g^. 

Note that embeddings /i, fi' define the corresponding maps to the matrix Grassmannian 
/^, ffj.': X -^ Grfc^; and, moreover {}, fi and fi' define a map u: X ^ &k,i such that s o z/ = 
//., tou = /^/ and u\x = fx' o 'd\^ o ^"^ : ^((A^)^) -^ ^'{{A'^)^). 

Conversely, a map u: X ^ <3k,i gives us some maps /^ := sou and f^r := tou: X ^ Grjt ^ that 
come from some triples {Ak, /i, X x Mki{C)), {A'j^, fi', X x Mki{C)), and an isomorphism i): Ak = 
A'j^. Such a u will be called a partial isomorphism iiom {Ak, /i, X x Mki{C)) to (A^, /i', XxMfc/(C)) 
or just a partial automorphism of the trivial bundle X x M^i^C). Partial isomorphisms that can 
be lifted to "genuine" automorphisms of the trivial bundle X x Mfc/(C) (i.e. to genuine bundle 
maps i): X X Mki{C) -^ X x Mki{C) such that the diagram 

Ak -^fc 



X X Mki{€) -^ X X Mki{£) 
commutes) are just called isomorphisms. 
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Remark 20. An extension of a partial isomorphism u: X ^ 0^ ; to a genuine isomorphism is 
equivalent to the choice of a lift u: X —>■ &ki of u in flT^ (to show this one can use the map 
'(9: &kj — * PU(A;/) introduced in Subsection 2.2). 

Now we claim that there are partial isomorphisms that are not isomorphisms. To show this, 
take X = Fikj . The map u: Fikj —>■ &kj is defined as follows. Fix a G Grfc^^ and consider all 
*-isomorphisms from Mk,a C Mfcj(C) to Mk^is C Mki{C), where (3 runs over all fc-subalgebras in 
Mki{C). Clearly, this defines a subspace in (3^,1 homeomorphic to Fr^^;. In our case A^ = A'^ = 
Frfc^/ xMfc(C), but /i and /x' are different. 

In order to show this, define the M/(C)-bundle Bkj -^ Gikj as the centralizer of the tautological 
subbundle Ak,i "-^ Gr^^^ xMm{C) (for more details see e.g. [ID]). Clearly, /^: Fr^^/ -^ Gikj is the 
map to the point a G Gr^ ;, while /^/ : Fr^ / -^ Grfc/ is (the projection of) the principal PU(A;)- 
bundle PU(fc) -^ Fikj -^ Grfe^^. Clearly, both bundles A^ = f*^{Ak,i) and A'^ = f*,{Ak,i) are 
trivial, as we have already asserted (note that A'/^ = f*,{Ak,i) is trivial because /^/ : Fr^^^ -^ Gikj is 
the frame bundle for Ak,i -^ Gikj). The bundle f*{Bk,i) is also trivial, while f*,{Bkj) is nontrivial 
(because it is associated with the principal bundle PU(/) -^ PU(/c/) -^ Fikj). This shows that 
for chosen u: Fikj -^ &k,i i^ can not be extended to an automorphism of Fr^^^ xMki{C) (because 
such an automorphism induces an isomorphism not only between the subbundles Ak, A'^, but also 
between their centralizers) . 

In particular, we see that the analog of Noether-Skolem's theorem is not true for matrix algebras 
r(X, X X MkiiC)) = Mki{C{X)) over C{X). 

3.2. An action on fibers of a forgetful functor. Consider the forgetful functor given by 
the assignment {Ak-, fi, X x MkiiC)) ^-^ Ak corresponding to the map of representing spaces 
Gr^^; — > BPU(fc) (whose homotopy fiber is Fr^ ;). We claim that our previous construction can be 
regarded as an action of the groupoid on its fibres. 

First, let us recall some of the previous results. Applying fiberwisely the functor 
FLouiaigi. . . , MkiiC)) to the universal Mfc(C)-bundle A^"™ -^ BPU(A;) we obtain the fibration 

Fikj — -Hfc,/(Ar™) 



(22) 



Pk.i 



BPU(fc) 



with fiber Frfc,; := Hom,zg(Mfc(C), Mki{C)). We have the map Tkj: RkA^T'") -^ Gr^,;, h ^ 
h{{A^^^'")x) C Mfc/(C), where x G BPU(A;) and h G p~^\{x), which is a fibration with contractible 
fibres, i.e. a homotopy equivalence. 

Moreover, there is the free and proper action 

^ (14 XX TT /' Auniv\ TT / /\univ\ 

'~P-&k,i X B.k,i{A^ )^B.k,i{A^. ) 
which turns the fibration (1221) into the universal principal groupoid 0^^ /-bundle. 
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We have also shown that for a map f: X -^ BF\J{k) the choice of its hft /: X — > llk,ii^k^™) 
(if it exists) is equivalent to the choice of an embedding /x: f*(Al"'^'") — > X x Mjt;(C). Such a lift 
we denoted by /^. 

Given u: X -^ (3k,i such that sou = Tkj o f^ = f^^tou = f^, : X — >• Gifc^; we define the 
composite map f^' : 

Xmag '^x/n ^» / Auniv\ f t-t ( \univ\ 

^XxX — > &k,i X Hfc,/(^fe )^Hfc,/(A^ ) 

which is (in general) another lift of / {pkj o /^ = f = Pk,i ° ffi'), i-e. it corresponds to another 
(homotopy nonequivalent in general) embedding 

/i': r{Arn ^Xx Mh(C), i.e. U, =Tk,iof^,:X^ Gikj . 

Clearly, this action is transitive on homotopy classes of such embeddings. 

3.3. A remark about groupoid cocycles. In this subsection we sketch an approach to groupoid 
bundles via local trivializing data and 1-cocycles. The reader can find the general results in [S], 
but we hope that our groupoids provide an instructive illustration of the general theory. 

In Subsection 2.3 we have already seen that a trivial ^^^rbundle B.kj{Ak) ^ X is the puUback 
of the unit bundle }ikj{Akj) -^ Gikj via some map /: X ^ Gr^ ;. Moreover, such a map / 
is nothing but a trivialization of 11^/(^4^) -^ X. Such a trivialization can also be thought of 
as a triple {Ak, /x, X x Mki{C)) (see Subsection 3.1), where fi: Ak —* X x Mki{C) is a fiberwise 
embedding as above, because / = /^ is its classifying map. 

For a topological group G the group of automorphisms of a trivial G-bundle over X can be 
identified with the group of continuous maps X ^ G which take one trivialization to another. 
The analogous maps u: X ^ (3k, i to the groupoid (3k, i were called partial isomorphisms in 
Subsection 3.1. Recall that such u defines two compositions sou and tou: X ^ GTk,i which give 
rise to some triples as above and therefore to some trivializations. 

Let X be a compact manifold, U := {Ua}a€A its open covering. A (3k, i 1-cocycle can be defined 
as a groupoid homomorphism (more precisely, as a functor) from the Cech groupoid to (3k,i- So 
we get the following unfolded form of this definition. 

Definition 21. A groupoid (3k, i 1-cocycle {gaf3}a,i3eA is a collection of continuous maps gaf3 '■ Ua H 
Up -^ (3k, I such that 

1) 9a/3 and g^^ are composable on [/q, fl t/g fl U^, i.e. Vx G t/a fl f/g fl U^ t{ga/3{x)) = s{gp^{x)), 
where s and t are the source and target maps for (3k,h 

2) QapQii'^ = Qa-y ou [/q fl [/g fl U^ (in particular, g^a G e, g^a = iida/s), where e and i are the 
identity and the inversion for the groupoid (3k,i, see Subsection 2.1). 

In the same way one can define a groupoid (3k,i 1-cocycle {^a/3}a,/3eA- 

Remark 22. Note that a trivial bundle over X of our kind with a trivialization {Ak, /i, X x Mki{C)) 
corresponds to the trivial (3k, i 1-cocycle. Indeed, two maps /^, f^i = f^\ X ^> Gik,i give rise to 
the identity partial isomorphism (see Subsection 3.1) z/: X — > (3k, u ^\x = ^(^fj.{{Ak)^) which is the 
trivial groupoid (3k i 1-cocycle as claimed. 
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Now the gluing of a groupoid bundle using local data can be described as follows. So we start 
with an open covering U = {Ua}a£A and trivial groupoid bundles {Ak^a, /Ua, Ua x Mki{C)) over 
Ua, a E A. Suppose we are given a groupoid (3k, i 1-cocycle {gai3}a,i3£A (over the same open 
covering U) such that s{gap) = /^„|c/<,nc/^ and t{gap) = f^,^\uc,nu^ Va, p E A. (In our previous 
notation it is natural to denote it by {I'afs})- The groupoid (3k, i 1-cocycle {ga^}a,^€A defines 
partial isomorphisms (see Subsection 3.1) from {Ak,a, fJ'a, Ua x Mfci(C))|(/^n;7^ to (^fc,/3, /i/?, Up x 
Mki{C))\u^nUi3 for all a, P E A which agree on triple intersections. 

We can summarize the previous results as follows. Put 

y =l[ Ua, Y^^^ := YxY = l[Uan Up. 

a a, 13 

For every pair a., (3 E A a, 1-cocycle {gai3}a,f3<^A defines maps 

<3kA 




Gr. 



/c 



9 a 13 




UaHU 





u 



Ua 



u 



/3 



satisfying the cocycle conditions on triple intersections. The idea is to regard the map fa' Ua ^ 
Gikj (corresponding to the "identity" gaa) as a local trivialization and Vap'- Ua^Up -^ (3k, i for 
a 7^ /3 as a gluing of different trivializations over the double intersection Ua^Up. Thus, we have 
maps 



f:Y^Gi 



k,h 



g: YxY 



(3 



X 



k,l 



Y are the projections onto ith 



such that so g = f ottiIyxY, tog = /o 7r2 1 yxY, where ttj: YxY 

X XX 

factor. 

There is a natural equivalence relation on the set of groupoid 1-cocycles generalizing the equiva- 
lence relation on group 1-cocycles. As in the case of usual bundles constructed by means of group 
G 1-cocycles, we have: 

1) equivalence of 1-cocycles over the same open covering U; 

2) equivalence of 1-cocycles related to the refinement of the open covering. 

The case 1) concerns to the different choices of trivializations over open subsets Ua- We have 
already noticed that such a trivialization is actually a map /^^ : Ua -^ Gik,i and two such trivial- 
izations /^^, /^/^ are related by the map Ua'- Ua ^> (3k,i (such that s o Ua = f^^, toUa = fpi'^)- 

Remark 23. Note that using groupoid (3k,i 1-cocycle one can glue some global Mfc(C)-bundle 
Ak -^ X such that Ak\Ua = Ak^a- It agrees with the proved above homotopy equivalence B ^k,i — 
BPU(A;). In other words, the groupoid bundle glued by the 1-cocycle is }ik,i{Ak) — * X. Note that 
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local embeddings /Xq,, a & A do not give rise to some global object (like local trivializations in the 
case of "usual" bundles). 

The case of the groupoid (5k, i can be described in the similar way. In this case a map /: X — > 
Gik, I (a "trivialization" ) can be regarded as the product bundle X x Mki (C) together with a chosen 
decomposition into the tensor product Ak (8> -B/ of its Mfc(C) and M;(C)-subbundles Ak ^ X and 
Bi ^ X respectively. 

Note that using a (Sfc,/-cocycle {^a/3}a,/3eA as above one can glue some Mfc(C) and M;(C)-bundles 
Ak, Bi over X. It relates to the existence of a homotopy equivalence B ^k,i — BPU(A;) x BPU(/) 
(cf. Remarks [H and [I2D. 

The relation between <&k,i and 0/; rgroupoid bundles follows from the exact sequence flT^ . 

4. On THE if-THEORY AUTOMORPHISMS 

4.1. The case of line bundles. First, consider the case of line bundles. The classifying space of 
i^-theory can be taken to be Fred(7i), the space of Fredholm operators on Hilbert space Ti. It is 
known j^] that for a compact space X the action of the Picard group Pic{X) on K{X) is induced 
by the conjugation action 

7: P\J{n) X FiediH) -^ FiediH), j{g, T) = gTg-' 

of PU(7i) on Fred(7^). The more precise statement is given in the following theorem (recall that 
FV{n) - CP°° ~ K(Z, 2)). 

Theorem 24. If f\: X ^ Fred(H) and ^^i X ^ P\J{n) represent ^ e K{X) and ( e Pic{X) 
respectively, then the composite map 

(23) X ^XxX "-^^ PU(K) X Fred(H) ^ Fred(7^) 

represents ( ® ^ E K{X). 

Proof see 0. □ 

If we want to restrict ourself to the action of line bundles corresponding to elements of finite 
order in the group Pic{X) we have to consider the subgroups PU(/c) C PU(7i). Let us describe 
this inclusion. 

Let B{H) be the algebra of bounded operators on the separable Hilbert space H, Mk{B(H)) : = 

Mk{C)<S)B(H) the matrix algebra over B(TC) (of course, it is isomorphic to BiTi)). Let Ufc('^) C 

c 
MkiBiTi)) be the corresponding unitary group (isomorphic to \]{T-C)). It acts on MkiBiTi)) by 

conjugations (which are *-algebra automorphisms). Moreover, the kernel of the action is the 

center, i.e. the subgroup of scalar matrices U(l). The corresponding quotient group we denote by 

PUfc(H) (it is isomorphic to PU(7^)). 

Mk{'C) ®\dis(j^) is a A;-subalgebra (i.e. a unital *-subalgebra isomorphic to Mfc(C)) in Mk{B{7i)). 

Then V[J{k) C PUfc(7i) is the subgroup of automorphisms of the mentioned /c-subalgebra. Thus 

we have defined the injective group homomorphism 

^>k: PU(A;) -^ PUfc(H), 
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induced by the injective homomorphism Ui^k) ^^ XJki'H), g ^^ g ® Ide(-H)- 
Proposition 25. For a line bundle C, —^ X satisfying the condition 

(24) (®'= ^ X X C'^ 

the classifying map (p^: X -^ PUjfc(7^) = PU(7^) can he lifted to a map Lpc_: X ^ PU(A;) such that 

Proof. Consider the exact sequence of groups 

(25) 1 ^ U(l) ^ U(A;) ^ PU(A;) ^ 1 
and the fibration 

(26) PU(A;) ^ BU(1) ^ BU(A;) 

obtained by its extension to the right. In particular, ipk'- PU(/i;) -^ BU(1) ~ CP°° is a classifying 
map for the U(l)-bundle (125|) . Clearly, ^k — i'k under the homotopy equivalence PU(7-^) ~ BU(1). 
(Indeed, it follows from the map of U(l)-bundles 

V{k) Vk{n) ~ EU(1) 



PU(A;) -PUfc(7^)~BU(l)). 

It is easy to see from fibration fl2B]) that for an arbitrary line bundle ( —>■ X satisfying the 
condition flM|) the classifying map ip^: X —^ CP°° can be lifted to ^^: X -^ PU(A;) (because for 
such a bundle we have cijfc o (yj^ ~ * and Uk is induced by ^ t— > (®''). D 

The choice of a lift pt^ corresponds to the choice of a trivialization fl2^ : two lifts differ by a map 
X -^ U{k). Therefore the subgroup in Pic{X) formed by line bundles satisfying condition 0241) is 
isomorphic to im{ipk*: [X, FU{k)] -^ [X, CP°°]} = [X, P\J{k)]/{xk*[X, U(A;)]) (cf. the definition 
of the "finite" Br auer group). 

4.2. The general case. In [Ij M. Atiyah and G. Segal wrote: "The group Fredi is a product 

Fredi ~ P^ x SFredi, 

where SFredi is the fibre of the determinant map 

Fredi = BU ^ BT = F? 



JOO 



and the twistings of this paper are those coming from (±1) x Pg^. We do not know any equally 
geometrical approach to the more general ones." 

In what follows we are going to describe the action of the group of (isomorphism classes of) SU- 
bundles of finite order on K{X). It corresponds to the torsion subgroup in SFredi (our notation 
differs from the one in [T]). We hope that this construction would provide a geometric approach 
to more general twistings in i^-theory. 

As we have seen in the previous subsection, the group PU(7Y) from one hand acts on the 
representing space Fred(7i) of the i^-theory and from the other hand it is the base space of the 
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universal line bundle. These two facts lead to the result that the action of PU(7^) on K{X) 
corresponds to the tensor product by elements of the Picard group Pic{X) (i.e. by line bundles). 
This action can be restricted to the subgroups PU(A;) C PU(7Y) which classify the elements of 
finite order fc, fc G N. 

In what follows the role of subgroups PU{k) will play the spaces Fr^ /. From one hand, they in 
some sense "act" on the /('-theory (more precisely, we have the action of their direct limit which 
is an if -space with respect to the natural operation), from the other hand they are bases of some 
/-dimensional bundles whose classes have order k. We shall show that the "action" of Frfc^^ on 
K{X) corresponds to the tensor product by those /-dimensional bundles (see Theorem 129!) . 

Proposition 26. A map X -^ Ft^j is the same thing as an embedding 

(27) /i: X X Mfc(C) ^Xx Mm{C) 
whose restriction to every fiber is a unital *-algebra homomorphism. 

Proof follows directly from the bijection Mor(X x Mfc(C), M^iiC)) — »• 

Mor(X, Mor(Mfc(C), Mh(C))). D 

For the PU( A;) -bundle projection vTfc,/: Fr^,; —^ Gt^j {iikj = ffj.' in the notation of Subsection 
3.1) the pull-back tt^ i{-^k,i) has the canonical trivialization (because ttj^j is the frame bundle 
for Akj)- In general /i in flTTI) is a nontrivial embedding, i.e. not equivalent to the choice of a 
constant /c-subalgebra in X x Mfci(C) (equivalently, the homotopy class of X ^ Fr^^/ is nontrivial). 
In particular, the subbundle of centralizers Bi for /i(X x Mfc(C)) C X x MkilC) can be nontrivial 
as an M/(C) -bundle. 

The fibration 

(28) PU(/) ''-^- PU(A;/) A Frfe,; 
(cf. ([2])) can be extended to the right 

(29) Frfc,z ^ BPU(/) ^ BPU(fc/), 

where ip'f, is the classifying map for the Mi(C)-bundle Bk,i := vr^ li^kj) — * Ft^j (see the end of 
Subsection 3.1) which is associated with principal PU(/)-bundle fl28l) . 

Proposition 27. (Cf. Proposition l25\) For Mi{C) -bundle Bi ^ X such that 

(30) [M,]®5, = XxMfc,(C) 

(cf. [24\)), where [Mk] is the trivial Mk{C)-bundle over X , a classifying map ipsi '■ X -^ BPU(/) 
can be lifted to a map ^Bi'- X —> Yik,i (i-e. Vfc ° VBi = VBi or Bi = ^%^{Bk,i)). 

Proof follows from fibration (129|) . D 

Moreover, the choice of such a lift corresponds to the choice of trivialization fl30ll and we return 
to the interpretation of a map X — > Fr^; given in Proposition [2B1 We stress that a map X -^ Fr^ / 
is not just an M;(C)-bundle but an M;(C)-bundle together with a particular choice of trivialization 
(I3QD. 
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It follows from our previous results that the bundle Bi ^ X has the form End(?7;) for some 
(unique up to isomorphism) C'-bundle rji ^ X with the structure group SU(/) (that's because we 
assumed that {k, /) = !). Let ( -^ Fikj be the line bundle associated with universal covering (TTTl) 
and (' -^ X its puUback via (psi ■ Put tjI = tji® ('. 

Let Fred„(7i) be the space of Fredholm operators in Mn{B{TC)). Clearly, Fred„(7i) = Fred(7i). 
The canonical evaluation map 

(31) Frfc,,xMfc(C)^MH(C), {h, T) ^ h{T) 
(recall that Fr^^; = Hom(j/g(Mfc(C), Mki{C))) induces the map 

(32) 7^^ I : Frfc, i x Fred^ (H) -^ Fiedki {H) . 
Remark 28. Note that map (l3T|) can be decomposed into the composition 



Frfc,,xMfc(C)-^Frfc,; x Mfc(C) = A,/ ^ Mfei(C), 

PU(fc) 

where the last map is the tautological embedding /i: Ak,i -^ Gikj xMki{C) followed by the 
projection onto the second factor. 

Now suppose Z^: X — > Fredfe(7i) represents some element ^ G K{X). 
Theorem 29. (Cf. Theorem\2^. In the above notation the composite map (cf. (E^jj 

X^XxX ^'-^' Ft, J X Fredfc(7^) ^ Fred.^^) 
represents r^^' ® ^ G K{X). 

Proof (cf. [2], Proposition 2.1). By assumption the element C, G K{X) is represented by a family 
F = {Fx} of Fredholm operators in a Hilbert space Ti^. Then ri[ (E) C, G K{X) is represented 
by the family {Id(Bj)^ ®-^x} of Fredholm operators in the Hilbert bundle rj'i ® {Ti.'^) (recall that 
End(?7;) = Bi ^ End{ri'i) = Bi). A trivialization ri[ ® [Ti^) = l-C'^ is the same thing as a lift 
LfBi '■ X -^ Frfc,/ of the classifying map cpBi : X -^ BPU(/) for Bi (see ( 129|) ). D 

Remark 30. In order to separate the "SU"-part of the "action" 7^ ^ from its "line" part, one can 

consider the analogous "action" of the space Fr^ / in place of Fr^ ;. Then one would have the 
representing map for r^; ^ G K{X) in the statement of Theorem! 



The commutative diagram 
Fik^i X FTk,i xMfc2(C) ^ Frfc2_p xMfc2(C) (/ia, h; Xi O Xs) ^ (/i2 ® h; Xi O Xa) 



Frfc,; xMk2iiC) Mfe2;2(C) (/la; hi{xi) (g) X2) ihi{xi) ^ h2ix2)) 

(where h, G Fr^,; = RomaigiMkiC) , M^iiC)), x, G Mfc(C), Mfc2(C) = Mfc(C) ® Mfe(C)) gives 
rise to the "associativity" condition for the "action" 7^ ;. Note that the map Fr^^^ x Fr^^^ — > 
Frfc2_;2 corresponds to the tensor product of corresponding M/(C)-bundles. In fact, the maps 
Fr^m ;m X Fr^n p — i> Fr^m+n /m+n (luduccd by the tensor product of matrix algebras) define the 
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structure of an i^-space on Fr^oo := limFr^n p. Moreover, Fr^oo is an infinite loop space, because 

n 

it is the fiber of the locahzation BU,g, -^ BU,g,[^] (and BU,g, is an infinite loop space according [S]). 
Note that the "action" (1321) is not invertible because we take the tensor product of K{X) by 
some /-dimensional bundle. Therefore it makes sense to consider the localization 

Fred(H)(i) := limFred/n(7^), 

n 

where the direct limit is taken over the maps induced by the tensor product, so / becomes invertible 
and the index takes values in Z[j]. (In fact, our construction is independent of the choice of 
/, {k, I) = 1, so we can consider a pair of such numbers in order to avoid the localization.) 

The idea is to associate a Fred(?i)(i)-bundle with the universal Frfcoo^^oc-bundle Fr^oo ^oo — >• 
EFrfcoojoo —>■ BFrfcoo;oo using the action lim7^„;„: Fr^oo^^oo x Fred(7i)(/) -^ Fred(7i)(/). This 

n 

Fred(?i)(;)-bundle in our version of the twisted i^-theory should play the same role as the Fred(7i)- 
bundle associated (by the action 7) with the universal PU(7Y)-bundle in the "usual" version of 
the twisted f^-theory. 

4.3. Some speculations. We have already noticed (see Remark [TU1) that &k,i is not an action 
groupoid related to an action of some Lie group on Gr^^ i . But in the direct limit it is an "action 
groupoid" . More precisely, consider := lim <3k, i (the maps are induced by the tensor product). 

(fc,!) = l 

Since Fr := lim Fr^ ^ is an H-space (even an infinite loop space [9]), we see that corresponds 

(fc,i)=i 
to the action of Fr on Gr (see Subsection 2.4). Moreover, in this situation the map (120|) can be 

extended to the fibration 

(33) Gr -^ lim BPU(A;) ^ BFr i.e. BSU^ -^ K(Q/Z, 2) x JJ K(Q, 2n) ^ BFr 

* n>2 

(cf. Subsection 2.4). Note that we can also define Fr := lim Fr^^; (see (I 111) ) and consider the 

(k,l) = l 

corresponding fibration 

(34) BSU55 ^ Yl K(Q, 2n) -^ B Fr. 

n>2 

In fact, BFr = K(Q/Z, 2) x BFr. We also have the "unitary" version 

(35) BU« ^ J] K(Q, 2n) -^ BFr, 

n>l 

where recall BU^ = CP°° x BSUg, and therefore it splits as follows: 

CP^ X BSU^ ^ K(Q, 2) X JJk(Q, 2n) -^ K(Q/Z, 2) x BFr. 

n>2 

The part 

CP- -. K(Q, 2) ^ K(Q/Z, 2) 
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corresponds to the "usual" finite Brauer group H^^^{X, Z) (= coker{i^^(X, Q) -^ 
H^{X, Q/Z)} = im6: {H^iX, Q/Z) -^ H^{X, Z)}, cf. Remark [5]). Therefore using the fibration 
(IMl) one can define a "noncommutative" analog of the Brauer group of X as 

coker{[X, JJk(Q, 2n)] -^ [X, BFr]}. 

n>2 

In this connection note that BSU^ represents the group of virtual SU-bundles of virtual dimen- 
sion 1 with respect to the tensor product while CP°° represents the Picard group, i.e. the group 
of line bundles with respect to the tensor product too. The Picard group acts on K{X) by group 
homomorphisms [2] and this leads to the "usual" twisted i^-theory. 

Comparing two previous subsections we see that the "action" of Fr^cx) on K{X) (strictly speak- 
ing, on the localization fi'(X)[j]) is an analog of the action of PU(A;°°) := limPU {k"") on K{X) 

n 

which leads to the fc-primary component of Br{X). So the idea is to show that 7' (see the previous 
subsection) gives rise to the action of the if -space Fr on the i^-theory spectrum and using this 
action to associate the corresponding Fred(7i)-bundle with the universal Fr-bundle over BFr (as 
in the case of the "usual" twisted i^-theory one associates a Fred(7i)-bundle with the universal 
PU(7Y)-bundle over BPU(7-^) using the action 7 (see Subsection 4.1)). 

Acknowledgments: I am grateful to A.S. Mishchenko and E.V. Troitsky for all-round support 
and very helpful discussions. I would like to express my deep gratitude to Thomas Schick for 
hospitality and very helpful discussions during my visit to Gottingen. 



References 



M. Atiyah, G. Segal Twisted K-theory // |arXiv:math/04 07054|if2 [math.KT] 



M. Atiyah, G. Segal Twisted K-theory and cohomology // |arXiv:math/05l6674^ 1 [math.KT] 

R. Brown: From Groups to Groupoids: A Brief Survey. Bull. London Math. Soc. 19, 113-134, 1987. 

M. Karoubi: K-theory. An Introduction. Springer Verlag, 1978. 



R. Meyer: Morita Equivalence In Algebra And Geometry, http://citeseer.ist.psu.edu/meyer97niorita.htnil 
F.P. Peterson: Some remarks on Chern classes, Ann. Math. 69 (1959) 414-4^0. 
R.S. Pierce: Associative Algebras. Springer Verlag, 1982. 

C.A. Rossi: Principal bundles with groupoid structure: local vs. global theory and nonabelian cech cohomol- 
ogy // arXiv:math/0404449vl [math.DG] 
[9] G.B. Segal: Categories and cohomology theories. Topology 13 (1974). 
[10] A.V. Ershov: Theories of bundles with additional structures. Fundamentalnaya i prikladnaya matematika, 

vol. 13 (2007), no. 8, pp. 7798. 

[11] A.V. Ershov: Theories of bundles with additional homotopy conditions // larXiv:0804.1119k ^3 [math.KT] 
[12] A.V. Ershov: A generalization of the topological Brauer group // Journal of K-theory: K-theory and its 
Applications to Algebra, Geometry, and Topology , Volume 2, Special Issue 03, December 2008, pp 407-444 
E-mail address: ershov.axidreiSgmail.com 



